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Abstract

The study aims at defining the concept of dumping and explaining the
methods of combating it, identifying the types of commercial dumping,
knowing the ruling on dumping in accordance with the World Trade
Organization, determining the methods of proving and calculating the
damages of dumping, revealing the conditions for proving the occurrence of
dumping, and the preventive measures against it, and identifying the dangers
of dumping trade. The problem of the study lies in the delay in issuing the
dumping law in Sudan for the year v. ., as its issuance was due to filling the
gap in a series of laws accompanying the policy of economic liberalization.
Study methodology The inductive method was adopted in this study to reach
the results, and the descriptive analytical method was used. The study
reached the most important results that developing countries must develop
clear strategies to confront this phenomenon that harms their economies,
given the spread of this phenomenon and the spread of its modern
technologies. The dumping policy harms local producers, as well as harms
the standard of living in developing countries. The study recommends the
following: developing countries should pay attention to the phenomenon of
dumping and how to deal with and adapt to it according to flexible economic
and trade policies.

Key words: Economic dumping, Commercial dumping, The Sudanese
economy, Gross Domestic Product, Foreign Investments, Consumers.
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Abstract

Elevations are exterior covers of building and the apparent element for the
public in the urban environment. The research examines the evolution of the
architecture in SUDAN, the concept of the elevation and how we can
preserve it, through treatment that help to creat the internal human
environment. Research also addresses the concept of sustainability, resons for

asylum for sustainable solutions and basic principles of sustainability.
The research also addresses the types and techniques of modern materials to

choose the strong, beautiful material suitable for the building elevations. Also
the element that affect the quality of the environment outside the building and
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how we can find the right soluotions for it, by taking advantage of natural
lighting , ventilations.

Finally the research examines the climate study capital Khartoum, Khartoum
Bahri study cases were analysed through the analytical descriptive
curriculum, and finding and recommendations were reached. How can we
achieve sustainability in the elevations by reducing the environmental impact
on the elevations through appropriate guidance for the building and the
addition of natural elements out side the building, for the buildings lake of
temperature expouser, external soil and finally the selection of matrials suited
to the conditions of capital Khartoum. The research shows some findings and
recommendations to reach a beautiful, strong and sustainable elevation that
provides thermal comfort to the intrior environment within the building.

We advice designers to take advantage of sunlight-prone interfaces in power
generations and to guide the building well, to control solar radiation, take
advantage of natural ventilation and achieve transparency in the interfaces.
The elevation must be designed after agood study of climatic factor, solar
radiation control to provide the best soultions and thermal comfort.
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Abstract

The study dealt with the impact of electricity power supply in attracting and encouraging
foreign direct investment to Sudan for the period from (Y+Y)-Y+Y+), The problem of the
study was the weak production of electricity and the instability of the electric supply,
which in turn negatively affects the in flow of foreign direct investment to Sudan, and the
study assumed that there is a significant relationship A statistic between electricity
production and the flow of foreign direct investment to Sudan, and the study followed the
integrated descriptive and analytical approach, and the most important results were that
there is direct statistically significant relationship between electricity production and the
flow of foreign direct investment to Sudan, and that an increase in electricity production
by one unit leads to an increase in the volume of electricity flow Foreign direct
investment by (+.) Y1), with an explanatory power of the model amounted to (R’
=+.AY), and the most important recommendations It is necessary to develop strategic
plans for the advancement of the electricity sector and its economies, taking into account
the continuous expansion of the various consumers sectors in order to achieve stability
and to cover the volume of demand to attract and encourage foreign direct investment.
Keywords: electricity, foreign direct investment, attraction, encouragement.
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Abstract

Literature is the mirror that enables us to know the past and present as well as
future. Therefore, the study tackles EI —Laboon’s book of poetry as a field
of the study focusing on the aesthetical and rhythmical aspects. The study
aims at recognizing the rhythms in the book. The study adopted the
descriptive analytical methods. The study found out a lot of results, some of
them are: El —Laboon’s book of poetry has no poems of free verse , the
simple meter is the most used ones in his book of poetry, the letters (ta-and
Ra ) are the most repetitive in the first book of poetry 67-15 % and other
percentage is 16-49% for each letter. The siple meter is the highest
percentage of the meters, the ration is 73-93 . also it is the highest directed
ration which is 37-53%. Also the study found out that there are 43 poems not
42 as has been mention in the table of contents in his book of poetry . the
study recommends that the literary works of the modern poets should be read
and to reveal their abilities to write poetry and analyze it practically so as to
be added to is available in the
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Abstract

This study, entitled "The Concept of Abortion in Islam", aims to combat
harmful habits and negative phenomena in Muslim society, especially illegal
abortion, as well as an optional reason for this issue because the illegitimate
abortion of the fetus threatens the Muslim family and criminalizes the right to
life, so the problem of research on how to eliminate illegal abortion, The
main findings were that the abortion of the fetus after the soul was breathed
unnecessarily is forbidden, and the most important recommendations were to
combat harmful customs and negative phenomena in the Muslim community.
In particular the permissibility of abortion if the consent of the pregnant
woman, and then the search was ended by the index of sources and
references.
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Abstract
The study dealt with the rules for determining the criminal responsibility of
the mental and neurological patient, with the aim of defining the judicial rules
for determining criminal responsibility, and identifying what mental or
neurological disease does not affect criminal responsibility. Based on the
objectives of the study and the problem that it addresses, it followed the
comparative descriptive analytical and inductive approach. One of the results
of the study is that the suspension of investigation or trial procedures does not
include all procedures. It is in the rule of these procedures, the study
recommended stricter punishment in crimes whose perpetrator claims to have
a mental or nervous disease, then the psychiatrist confirms that this is not
true, and the need to set clear criteria for mental and neurological disease that

drops criminal responsibility.
Keywords: criminal responsibility, mental illness.
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Abstract

This study aimed to examine the provisions of the clause in some of the
Contemporary Transactions between the death penalty in the case of a breach
that occurs in the contracts which the consequent mn responsibility
Streptococcus or a result of negligence and shortening one of the parties to
the contract , which follows that tort as the researcher Ray Sharia laws and
contracts and reached to the following results
clause in some contracts gives decade -plus commitment than making party ,
which is located on his shoulder this condition diligence to carry out its tasks
in time and the right place . clause may be a penalty if they do not abide by
one of the parties which result in the other party agreed compensation law.

\YY



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

-

: dodda

Gyl a8y Apagdl diz b Ll ¢ izl (e Laeal a5 ¥ cDlelall 3 pludY dxls of 48 cla Y Les

ooy 3LsY 59,0l Wl § eldl aay o530 Las ¢ Ll Gulidl 2 log (olid] e Guiall g zymedl 28, eDlalall 23K
Jia¥! oy wie Ogalud!) LSy cnalidly Lylmsally 8ol dpe e 2uadldd) dany 2l § 39290 1dag ¢ g, il
Ly aly sgaall 9 cdlelall § boid) J) pals caes 1ils « Il ayomg alymdl oy gl Loyl ¥ 51520l
oany & oY Beds olas 5 Laas ) eog Glinly  (ausatll of 2saallS wila 06Ss « BleaT gl li=ell
oo JAdl ) BLLY amy Los Lele ats @1 3L 008 Sooms ¥ Lyl (8 ¢y e ms BTy ¢ bl
G cobio JiB e litals¥l 5 « IUSYL 2y (0 il
STV B QU POMED 7Y

Go 9« Al @Skl alel Loy adl lia Gadas sing il byl fauise o> Lnisgll onilsall j95 Adyan -1

adally daT gl Caylall clagll a130)

4d LS e 9 gauaoll 3 Ghe G Slalydl 9 poisll lia 3 Sl ge Adpan -2
eIy Aeenl :Lals
9 il aie Al clad) of 4 UL Goely ol (agatld Laade Yale yuds 058G o Ghadl boyddl 3 Juatl
caladgny @l pall e S wi S dlie e any of Jie ¢ 63T (oY desiug w8 (S0« 448 2Ll
- dle o Ll ULl i § 9S8
Ao adl (oo cauass of clae) Ailtes il Loyl 00558 aBgall 5yl e TS oy shim e (e olasn,
oy @iy @ 13] die Yotuwn 0585 ) passatll alis ity sl e datll 2l UuST die (o301 0555wy
) e sl
s el Blual s WG
& Sy Bl jassadlly Lsaall o b Buolall cMalall § Gilll byddl ole of ole d) cexdl ua
LY § 35250 ldag adall BLLT sl juass § Jlea) Ay Luaall Adegadl § cld e iy oo 35iall
W oyl Lalys U Loyt 9 ulog s e el o Lo Jolazll 3 2ojla el
el et Layl

bl 5 Balll (aS g Lol daall S Q) oLl gamy IS o o il Gl mall ¢ Lalyall coa)

96.445_“ @‘r.‘l‘ @ ‘5)_>i Qﬁjbﬁjéﬁl\ 5@\.)5_4«.“ Ogslall 5@_@5_“ Ogslall cas g EL:}Q_L“ ‘;SLQ-L‘ Syud ¢ 3..:5_1.\.“
Lass by alll 22 M5 oy el

134



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

Gl JSea: Lusls

O93lally PllasaYls &alll § Lo yidl cisyai: o il

S 32! boyddly s pandl : L Gl

GLasY! Jaasganlly plaall il sl o dd! o el SIL |

Jo¥ |

Og3Lally Plla ¥y 2all § Ioy il i yas
Wl § doyid) s yai: Yl
I il Jof T,y . Loyl Loyt e ol Loyl I 85 ) Jling « Ul ol clle cllel : Joy 21 s 4 Loyl
Jislly IS QW 135 Doy Bty . ol il Adle o8 oLylane olalanaYly Aebud) Lolyal ding : mpians
W as Byl daazy sl miing ¢ Lag,d daazy dalilly ol al3) oL O3Sy oyl ( Lyl Layliimg
(01,83 el 13] ol 6 Lol &1 ¢l 136 iy il 0 Aelad) ¥) G9laty B) JLad g3
L) G Boltly aodl Jsl @ oledss demdl 1,5 Led Jlay plazs olloyddl @ Loy alsi o] i3
® (asliad
Ay e Ly ¢ 0,85 LS Acbudl Lol 4 4 Odyn Lode muai¥ Iplam @8 oyt (Loyiidl ) (e Jud
cOladsg Oslad; eag lslad udy « pgare (o izl culadl U8 Jedig o bydog o bydo el byd a4l by s 48
) ol gl 8158 Lo 48 diag sl 13] pgun] dlasl 185 Slasy  Ypas 29 i3>
O Lyt 1385138 40 Loyid dloylis Jaally « el 3 cBoyaa (doyadl) Ll i
Oilally st § oyl syl Lils
(83929 die dzgs of a3k Yo digs bogyddl wzgy ¥ b ) 4l Loyl Cayal § degydg daall Jgual slole 3an,
¥y puall deds (e a3k o) Ll g

@

.(8) ( 4l poe ’2‘9 D929 63929 (10 ‘a‘}_l._'

= Gl gl a3l (amine . 329/ 7 Gl — Cigm pdla la — B (5 pmaall ) shaie (l — ol Gl
. 8696 /1 1984 Jlee — il Sdl)

960 2z- 2h ol Sl bl Jla — Gl ) 5l | o dag ol 5 anadll 2

L(18) AW ag s 5w

164 0o a 1964 di ] Axghall anaddl — 210 ¢ 2 srse ) jua-

T2 0ac 1z p 1987 4h s pm— cajlaall ¢ SUE daal ind — uSull G — i) sl °

1022z DA Aia ) sl il deal o AN Gasl de ol 2 — Gl IS O

— sed) Hsaie 3¢ 163 0a 2z -2 1324 sV dndall peme — 4 e dadadl — D3R ada o - et 7
AL o S s — aiEid) o 5 8w el sl

2309 /2 Cism uall GUSD la ¢ g2aY) a2 g e uall (o oSSV sl IS8

135



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

o prb Lo s oyl s Jlay of ells § gadls . 413 9 ¥ onils 3 sl 3G dule CaBn, il ga) sl Loyl e
ol 33515 Yy 035250 Lutis 0550 ¥ g e Loyl (i i

el oLt ) Loyl (a5 (g8 o3l 4] o (g8 ¢l by dig salls sag Sl byl wdl e § Ui
a8l s elazisy @Smll slami] (oo 31 sy o3iz Yy cadl o 52 sl

oo prl i e oyl 0589 Loy Togmg ¢ 80929 (e @Sl 392y cadons Lo ) il Ladd Loyl ane 3,99
.(10)({“52” poe dade

Sl e doe a3l ¢ dlogyald JoSe araie jalls Caimg 90 ) il Adladl capladdl ad Ciuyan Lol e
D Sanll 3529 83529 o5l Y

cdss o)) sl Jilall Jsd ol ¢ b Lgag Yy suie Tagag 4] (Sl il W osa] 38 5,41 81 § Loyl :
3929 die Bl jms Josall die V) Laalll 1ie « Gl pay ¥ G oy Sl Jois Jazmy (3l als il
12 8l ol sy podall s Ly Wa s Tagmgn Jo ol J) Lol Jyse

53529 dule Calgnig e il (e e 32 oS (¥ Sl e il Loyl ol s ALl ilasadll D5 (e

P9 Jsally ol (2 Gl Bl pdy 19501 dde 3929 soumny W 13] zlo3ll ude Jio « udall § Jsudlly LY
a3 Sy ¢ digas 21950 dzge ¥z 19501 e A Loy dild ¢ cppaldd) sgians Ll CalisY die ol 719301 oS,
3 91 oo yal ISy« din e 32 s 2 19301 Ay (e ol cataladl sg2g (8 219501 g Yo 9 il g

s (e s pal Loyl i) Baia> (a6 32 ) oS, OF OIS Ao Log, ally ¢ Lagydig OIST 4f cdlalall
19 L a0l aluail bogyad! aiaisg ¢ oS00 aluail Aadiadl auaiid ¢ dele Lo Lo das piais aue 13 Logs
LAY L Bal¥! daas gl aladl ¥ (e (Lot ) el gallay o93lalll sLad s Ogilall § Joyddl cdyyas
Jts (g5 of ALY 929 dule s p589ll 3ame pe Jrdius yol) 4l dighyang ¢ dsSS juolic JaSaul gl
I lall Lo yadly o caslgll Loy ad)

e 3T sl gy adl Lellazy S 2gslall Logyadl al iU ooly] ciumsS Loyl Juud (e cronian ¥ od Jlallis
Lebaie a1 9 daall dicnty 15 Lo 381 gl (oyi pmay ¥ Sy o Aally Apao)ll sgaall § Loy
1 o atll e 3zl Loy iy lizedl Loy i€« cndylall (o 2palazll Sal3Mall

g,sLi.N Seed
EIBES[RA1 TR
Gl ol 2alS Caipat Sy Galad! Emdl § byl lidsyad 3w

50 oo s Sl ¢ Sl Gl gl sie ol 2l — 488 J gl b pal 52l pane -9
L1067 1 — s Sl — sl a0 — Y 4sl J sl 210

149 e — @som dall s — Al dagka — 5 sy o il aSall L] ]

.87 ua dpalad) SN s ¢ et pull g o (0 2aal (pag o AleY) — A&l J gual 2

ihias a2 5 ¢ 125 42 a2005 — suaadl daaladl s ale) gaall JleS ag |3 — DY) 48l dpe L8l HSSY) d}‘mi _18
124 — peaa Ay el Aagill Hla— Y 48l J gl - S

176 02 — a2 Gihias 3 le sahaall Sl ¢ Sl o sl -

56 0a— e g i — Rl (5 Rea i diad (g aladY) () 8 sl HlSa] P

136



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

Al § I 5l s ya: Yol

ey ) i) W3La) oy cs il 3] Tl oyl (05808 cadll "s 1" 5 (s 32" Al (0 2580 " il AelS
awilry e el WIS cupe Uy o] wlélos one plis ¢l pLid (sLlly I3l pumll)” syl ool U3
00 lialsy 16 10585 LS camT S asty il slinag el 6 ey i clile oy 1y (Bl5lms

Qg 413 Sy (Elizg Blilma olilay (Elix duleg 4 ol S e o) e SLISL il Lusalall @
sl las

LS Pzl P e e Gl byadl o¥ clstll ¥ Glaad) s sl Llae 0580 blst 0580 ¢l5ly
Al oLt o) il Gl

-1 ydd| MY § ¢ l3d)

(5181 (0 29 5 <l 0 J93ed) AL lasYl dlliy Lo (S 52)

Jeizell suall (e Jy s ogald spuas Glizdl boyadl 3]« Jadly « (asall sa alll § ) gae 0585 duley
s Bsaally ded 4udy o Bl (mgally 5l ZLlaLl Gas 4d 31 Sl byl Zlio Glall puer oS0 «
taedl el e Claally ¢ sl Joall e gt g 5] goalll slial Lowlio (2 Mol el gae
MY § i 5l oyl syl

@ elr gdlly imidl lia pounse 3815 Lay Soalll Loyl (dae (ediian] (Say Ligalll lagpaddl lda P55
523 (halall § lyle Ll 4 a5l L) 1 2 Loyadl ol Jsall oS goasll 1da dl ci8%ls duall elalal
Lo LS doy ) 2uale 3 coalsuatly e Laall sie Baclall ooy @] 18 4y ol0lg ¢ il 5929 4 ity

3y ol aulatad @3 (a9 colins ity (G fpaic sline Byai o a3 orgslall wie Llay Loy ddl lda Hebs oIS W
y34a3 (ye §58 5 ol e @Sl (L8 1By (g aall damys

J0leny s« s 5 LS (8l J) (nganll ads oS ¥ bl ctll o TsS oy sl 3 I8
ool @iy @ 13) (ldl dizmiug gl Gaagadll Hlade e olaansd pasgadl Ida s e Loade 3lasyl
Jeats § ol S50 18] o) damiug | pasgadll Hlade e ol duaidl aus e (assadll ga ldag. daliUL
Loyl gy cliadl Loy adly (o pimasatll e laie 3lasyl lia . aslidl e (asatll ga ldag. dalill
B panganlly

U3 et (Oglall i€ @ el Loe gyt @l sl 3 il Loyl e (e o W s Jad! e
ARG U5 e 4nd0y e also e ddall @ peadlaill o inelsd

D e A141T Axshall daw ¢ (oY) Analall ¢ 2395 L b giall ¢ LS ) cp el O deal Gl (Y 1 AR Galie anea(10)
(456/1) Cm ¢« dad)

Jamd -l — gy Al Ass 50 2199321413 43N Andall 5ol 5 5l (o sy 0 32 (pll ame — Jamall (g saldl)(Y)
(312/4) sl s 55l s anad)

(1000227128 ) oSl 481 gane Alne/ (sl e - 3l a9

410a- el 5 AN 5 Ll b Gl (g JiaY) alee i - 19

¢ gseindl 2aal G150 e Sl (B N1 jaliaa ) ale A s al V1A Sl ¢ aaall el o a8 8 e (20)
(851/2) A xSl ¢ G jaall Hls ¢ Aada dig o8 ) (g5

(2310=) el A3 pans (%)

137



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

U T VPN F PRNTER U OS PV JEH

o el ekl daty @3 130 aall e ildl distn @) Ganganll puuds (e aadlaall o Blas! sa” 1 Jidg
@ s Fgue

Lyill gilall Canpazd el Sl " Capall sy las asstl ogilall @ Sl byl ilasyad cualzs|
3ol (pa 85LeS paungll inyatlls « digus (e okl Ggilall 71 Caneal e calise ¢ slakl e 3aLeS il
crhadl Slasyad WS daisg 8y & slaedl) Bl sy Lesl ¥ ¢ Gl boyad) Bands olo oy Tuold s
e o yally ¢ dBlamial bogydg  4anSTy izl byadl dands 3 Y e Tel cilisyadll calis| clliS
=B nlaganll g i s oo patls. (24)alsand § o slal Alabie g

e Losde 3lasy JI oloeay i « Jua¥l g LS o2l 1 panganll puuas o8 Y cually iladl o TS &iaxy
92 ldag dell cpall gy @ 13] opludl damiuy ) passaddl Hlude e olaand o passadl lda s
5 liag ¢ el duass @ gall 3 013) olud) damiuy @l (assadl slade (de ol ¢ duaiall sue e pasgadll
el e pasgal

diall bogy s e boydS Bale aumgy 4 iy (waws ¢ Gilied! byl (s passantl e loade 3lasY! 1ia
223 53L) Pzl 13 5o Blasl § 05 o oo pres 0¥ oSTs ¢ ol e prgarl] iy sl oYl
(G

Legpldy Oladlacll (ylasyall susey dumgay @ 13 ) s Gl by ddl o) e oudyd Gide 1226 8ol cuas
iiyad (e oudy® e 1229 8alll cms Lanly . (duatdl sue Jlo @ ¢1o¥) 2z gl 51 Sluie Aejle By54ms
W ¥ Y a5 a0 dimels G 5¥ (e (1l agad) il el ol

s pad) Sl Sl § oyl i ya /1

pue Wl § asls J) daday o cpall e cam @) agarll lude ladie sisey cnd dall o Blas) ) ol oo

"o uans G 0,5 ol ¢ el duass

J}p} ji wﬁ‘ ‘QLL.B_” fa..\.c e LQ-Q.-W.O_U 44‘)).5_:3 Adall L_? u‘.J.éL’.” 4]0}11@ é..\.” ua_:}.,.’i_” ) %L d)ij -
P clagh sl

i) by 220 3 Sl oy adl clisyai /2

(100 (=) .o gy ol - (S5l Loyl (%2)

(50 022 7 12 &) oSlY) 48l pane dlaa g pall Gareall - ) 5ol 15 (%)

269 U= dg — duall Aagdl) s — 22002 Y dashall - Caals Gull) 3 — Fy el g el 3 giall Ao g ga -

b N L) ina (e e el | 58 3 gusiall (Y ¢l sinall S35 a5l 5 2 5lly Sl el e Eyanll ) -
- 1220a a5l

— 2 — Gl Gy o al) S el s — s sl daal 5310 e — aaall adl o ) £y 8 e gl - %
251 g

49 (o — CUSH Aiaall L sall — gl s — ol o ldll & S el ol 227

40 =2z — L2007 — G SN Al aSall dndd) v — o) FIYI A8 Sl ol 7l S e sall - 28

.35 02— 5z — 1 — il delbll sl jla— 0K (san 5 — shall s il sall ()58 & 5 - 2

138




#2023 Gule — (21) 2l gl g cbad all () Jail) Adaa

dal7l] dpaidy 4aled poad l3S (o of ales elol 8y95u0 s ddl e (oyay @il byadl cUs) asly ye -
(sdwass g onslad
pae dllo 3 ol daby 3531l e also e LY Gan slatie; « Bl as Blast) 4l by -0
"zl
-t 1l Doy ) Lo
D Lo clld ey dimpds dyozs § MM Ax s 0gilall 3 il Lo yiid] elasel ouial
(Bl parl!) o (BLasyl a5l ( Sl il ) o] dele BT o5Le (3Las) 3y20 il ey o0 1
3 Adearall (2 Gl andl 8)leg
L Gl Gilal 71, Lz (266) 53l § Ll Ggilall Laiazels o pill ogilal

Bl & el Osslall dle ai Lo sa9 (GLasY) passaddl ) dule GlbT s (e (agad &l gy (09 -2
Y s m9 Sl Oglal 21, AST Lele sl ™ (244)

(Fleidelzll) ol ((gudlaall elynll) of ( Jlas¥ el ) Blss Lole 3ol Ausieg eli 451 ey 0 -3
lalall o Geplall ¥l 525 ¢ Cyall 4y Sy islall sLaill dmmsg 5t 5 sliall Ly a1 el Jlay S0
O o ) & ¥ e B Gasatll Osiar oo o) b el s Lle Gl las, 0gilall o s
e Leoall Y Gilall § 3 M8 Logmcg « Gl byl Jloate] e gyl puatd] ¢ Glidl Loyiidl only
O 141 gl 55le 6l peimsd lnll oyl Blania)
S i 9 (51 5l oy idl jailias
die y2yadl 9 G 3l boyddl ailas
iy Al L o Somy @) il Byl iy 5d ¢ LUNL MY die pasatll Slade (e las) i : Yl
sy
5T 06K 1By 5yl e AST 0585 158 Ldli 05Ss (asgatll et Lls
G aise A8y 5350y 8 wiall diesaty udg « AV G UMY £85) Lasl 058y prsgasll lude e Glasyl: [l
¢ plAAL N dmy iy gl () e mliall ulan s g9« waall cilixle
dxdiy G Ogspall Salay b U3 e ol 35210 n Lalen S s« UYL MY e 2uifle Togde 5 Luy,
ol (e g aBlazll e Londe (uudlall us

.33 o — Gl g e — gl B — () jadl asd) - %0

81 U= 2001 — 1db — & siall sl <l ) suite — aol 1) ¢l — A0y 5 50— ) (sl & 5 8 ol - 3t
. 847 sa— 21987 — 31 — 5 _,alll dpdas — S5 Gl Jlan 3 sene — <l FiIDU Aalall 2y ,laill 3 5 ) - %2
857 L -2z s e e (s seinll - Tl - B

181 pa— 4z — SV Axgall — A gl Yl — (B pe ks — (el 0 8l = 5l A A -

303 U (A sl ) il a2 — ) puall s Uadl) (g gl i - ¥

a5 40 e 27 — Gile ga e -aSall daad) de sl Gl 2 5 (B el - P

. 407-406 U= - Gils aa e — Qi () ual) (g e - %0

139



#2023 Gule — (21) 2l gl g cbad all () Jail) Adaa

Mo @3 (a9 AlUYL JOSY! e adoy BLas] pasai 9 Lails ol AN e 52 ol « s pl] 5o : Lusls:
- Sadl Guly ¥l a Y ey sl Loyl Jlag (¥l aATHL AdUaLl Ui 4 Jlsy

Szl by adl (¥ ¢ aaally I caun 28I s (e pangadll doo aulejlilly clegumsell Jla, @ lasla
ezl el cnlidl (ogall cpadladl Glask suzy

B7 32 Loyadl e paddl aue aie 2slasll alsha¥ e olidi cpddll gty JWI oes lla

oyadl §89 wie o dall caulilly Jra¥! (onganll gam, : Lels

ol Sl se ball iy« spall e oAl pangaill uaas § sladll Js s ceadlaill com : laals
aaally DY ¢lya dilial gl

32l oyl e 2yl
L DY pueg aaadl @ 85,150l clel Y dudis (s Las ¢ 4 27U Loy Ool@ll pie e wBlazll Jos /1
Ay 2ale slaall wlelyz] &) s « SlalURL IUSH (e Al sl jaal slasll J) ¢ goelll s /2
i Yogun 098 sl pauganll aes ity ¢ sl e aaall al30) ST il byl (e oyl 0555 08 /3
el e il Loy oy @113
I Ul G lecly 4y dpdnll cazg e oL Glad G Sl byl Ol 2piall (aaull 2eSxe cunb b
(Sm5 s cmdy - Ollall 4y sy pagaitd Lo 105 0550 o 5o Sliaall byl @ Ju¥ls.™ ¥ 1
ooyadl 1da U3 ang ¢ delilly cualdl 5T 13) (1) dasiug @l asgatll uuas 3 spsdl Jal (5059 sLasll
Slade @ Ae3lll 3 Ambian cadylall asY Lals 0sSim 4] > 1083a Toal 050 o olaBlazll 4] (awy !
oo Jouanll 4y dmdy wad ¢ il aliel § olaslanl) dlaatuy a3 45 I3 e piylls. dide Bazll (augadll
il of dlguas adgill 5yall e TatS Jay duke 3aall ALl oS 13] Lgo Casasedl] of slacyl 2dgiul) oS>
mose a8 LS ¢ G lalbs Gildl byt Tl 008G 530 Y e 39 « 4ud Balle AL 1da o 13] L
553 el il P Al @ bidell geiudl passaddl puas aall dxlal LIASY § Gl byadl
B9 il anlal dllial @ bostael] Lol deliall Al sda § Gl Loy adl Jrasd ¢ aazdl
r Pl byddl b
P J1s3T aa)l I Gl boyid) Aads Jgo aaLadl (uilgall cualas|

ibogydl 093lall 8 il boyddl > dule oS b liag Aols Ligac 4T -1

Lo 1d s 825 pdgill 5yl 5ud (e sy O Som Bgaall ST (aay 4 @l Jleis] Glas] pasgaT sl -2

0 Aoyl Aadai¥ly (ulsall AST diay Gpuall Ggilall sl dg
 GHUe¥ls 531 Cogilll AT dag ) glaa aBsall syl oye Jlatsd Glas| paugai ail -3

e Ly 50 o — daade s — il Bagaad) Gxalall Hly — dmas asal ol Jas " ol Y AlSa) 1 Al AU Aalad) A kil - 3
853-852 = 2z-477 558 — Gilas am ya — 5y saall — Jagussll ) - 38
352 o — il sy — ek 8 sy — i) anla a3 oS N ) 5 geal A0

140



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

S U s Laally gad il ogilall sl dg 5yl 40 88N ¥ pangarll e BLis] 3yme il -4
)’ 5 | FETO
Lyadl § pisatll e ol Sel€ 4y A e ol (pad cpablazll Aany s azall ol 53LY1 ollale Tae Js> 5o
BTSN IF T IPNPATRUDIES {RSC I PR{ES]
g389 (po ¥ il sl elanall cLgd¥ @lls 1) (63539 Juadl iy ¥ a8db| e ds-g0 ¥ Tall Lda o Ty o9
s ¥ sl oyl Golun O o3k Jag passadll 3 e dlis| ae Sl i 5]l
il § @alall Al dule Glbl 5pall oo pangal il gl (b« daadll e o2lall 5,48 § D! 5l
oyl gsludd
&b oo el ¢ glaadll a3y M3 Y31 2y ST Jputastd) Alals (oalall Jael Zugaall SUI pany 4f GasgaT a6l (gl o
omels aie izl byl o JB oo liay Jatatd] § oalall alala ¥ @l gy 5yl 4 28 ¥ 030 3Lasl «l
asdly ) pall alasil Wl §98,ala0 55411 of gylall B Lall Al § G (51l 4y cpaly
: 13l boyadl oS>
Jlee! (0 Mo alAY o o 13] ¢ Gl Loy il (ool clalally $oaall olady el (o S s 5lad
-t b Loy el oyt g e lgdazal Uy
Bl o Olskin e il 13 @il Peyadl e o 36 &) daas /1
M Elpaial 1aanls oo a1 52k bl 4 s
RS { mjémuwgwﬂwwé@jw&‘M\@m@g@ygm lia /2
oy Yy 2ially ozl Logyadly ssaall § Juatl s sueld aule Gubas Gumiue by pmay Sild! Loyl o1 /3
) oMy dasyms e il Js Lo Y Lo

56 (025 3« iy T 2,

860 U= — 27 — Gl g 0 — sseied) — Lapusll -

iy adde 4l o d Sy ) 35 me IS 4l Gilie 0 00 53y AT Ss ol s 8 808 (0 1 el o il - 2
O ome e OS5 3ol e 3t aal a5 ey Jidl) 81 e b a5 Ealall 3Y e A aal s caildall (e alug
caoad) agdi, Jaid alaal V5 alosad Ga L Gl sl 8 e ankly o (e (A () S8 5 jamlly Aaphad aaday o el
. 352 o — kel alall jla alidh aladll — S 50 Ble V)

Alalall (8 8 Gl 8l e IS 0 sa sl g alaa ton s sl ¢ Sall (23 ) el G g o Qala G Al 0 0 shea -
Alsall ge S5 i) 2 alud Lad e Al s gl (o5l Jlady ddalall & i) olsiea ) Bawe sl JE WY
205 = — Cmdtall alall Hly abiall alaall — S5 50 e Y, Bhas 13 Euaall (i€ 8 4) ASay Sl g o gaall 2685 aga 18
.92 U= -2290 i Cuas — oAl 8 sl g day I Gl — (S 2l - Cila peadll QUS — (5 A pmaa - ¢

365 Ua— Gl ga e il aula a3 S G ) ) I geal -

141



#2023 Gule — (21) 2l gl g cbad all () Jail) Adaa

R ELJOPY
S yaganlly laall i sl Iy ddl o el

Gl 3 (s gatll s pad : ol

Lo diiaiels ds¥g adl 3 (osn B cumple o (ogall @lla  guslaiuly « Tn5 din (o disge 1 agaill
.(46)41.5.2_&

Lyle poge Mg ¢ Byla] (g Aasill cldedy « o (oge Dby ¢ auy pogally paseddl eldas din pasgaddl Jid

(47)

oaiely oalies Lage pale duol 5

opse  Jlis mudll Gyme 5 BaS (2 By pase T2l palie 509 ¢ agall palataly « pagall sl Lai
(48)

Y ailall (sse dladl ¥ Jlay yaudl sa Jubs o Tl elld 06K ¥
oo § gl iy yal Lsls

58155 13] 4y elbsll ey Cenlyy ol ik psac e 3l b odl¥ 428Nl 3 pasatll s Gl
Osallay Aadldy! Aasddl slad s s Jlo e Lansad Jlo o 0311 e Lo e digillay 1y ¢ abog
Bralls « Pl @ 41 U] Talidly cpasatll ol (olasadl) llaso] 5 all g e

DA 2l 4 Jiolodl Syl e Glall J) daday pass ot il Jilal) ga) 6l panganll Cape o
IV ¢ Lo Syl aliall slisl sdnlly dlasnll AU ST s Uiy 9 pinell G sylizely pasgatlly « O (a b0y
Ve Yoy praganll sl ¥ T 1 Jogad] 203 Jatig pangarl! sl Lady 1 s al0¥1 T

seadll @all @ cemdls oleall 5o passatl of Audssudl (e peaall copall sloud g leguss ASYI uasll o
Pl il 8 LY o a9 « rasd dres (B @9 (J4S) dud yg 0S5 (rasd 2alS T80l G 0,5 o) 2SI 1S

A Erghaais ) el 238 65 s LK wfT BT il 31 el S8 65 L) ot T (e GLI3)
e Gyt 3 40 1138 1) s sy « (A e 08T s 05458 28T ki 3)) - Jlas sy
B 155 J5 R3ale 13 1wy 153315 ) ¢ dlad alsdy T (olasdl 3 s LaladT JUE8 Bis15 i 5

12504 -1 - ok - AAE ¢80 a5 ) 4 s s il daal g QAN Ges Il de Gl — cpall S 40
46 a1 g G aaoe Glaoall a2 op el sl gy el Y

¢ Al Y A ge Gl ) i (34 ¢ 8817 (Asiall ¢ oalil 35l sy (A Gl dae AaDlall - Lapsall g salill - 48
110u41ctl\_5‘)uc‘du‘)l\:uuys_&sl4l3 ¢ 43N dandall

20 ga— g;,,ﬁ“ﬁ}J\)s;nJu,qﬂgsj\@;@m,gﬂmy\@\goua\-@

197 o - Anah B ) o) i R S 0 - @),J\)ssn)u-bﬁjyhgew\ 4&l) J gual - %0
G.«A\ai\?abw%ww;)ﬂmu.u‘).'}ca;_aﬂzgm‘_g}d\_@\)ﬂ\wdm\e)uay‘@»d)u&}m
4171u.4 ‘LA}S&MMM‘M‘MM‘HALADH‘)ALJ&\LA;M‘DJCLA)M\Lﬁd&n

44 3N/ O sae J18 ) sm - 22

40 AN/ 4kt g -

234N — Gas -t

51

142



#2023 Gule — (21) 2l gl g cbad all () Jail) Adaa

G3i Cap lgas ploall sz e Jots Loas.* (Osladi s g ) &) Sa€ (&l Ul pilas 255 Ssi g
S50 Yo 5358 ¥ - 6 i asle 0 o 4l Js i &) oLadl 1 3 Aol Buc 5y

345 Lodie Sliad « Y Ul> & agatll Gobe (e adiiw ol Al e Todde sz, of aaall 3kt 5o
s omd i pprastall oo e ade @anll ALl (318 48 LA 5L

P JW) gl e asgaidl boydig ¢ liadl il el do il o 3pad: LIS

Sl LSl o) ¢ adall @b asl e s & s,w\&@&mw@ﬁll&umﬁgi)ﬁﬁj
o1 Baby 09 — Al Sy sa9 (BLasY) jasgadl) ALl e Jis e 3llay « Al sia ad ¢ 4y WMST L5
aall pall jlade ol die cdlay oF Gss aaally JIBY Ul @ eslajiy limiue (£l 050 @il — olass
.(57)4..,@‘.5.1)1

Slaie oS G by sl assad)l s)laely wdladdl wie ol Ll 5508 ) ALl 4 he dsgy BlasY) jassadl)
‘(58) ((_SL"QJ. ‘)).44."

& Lol AL Lia Jteg dai aaall {1l ssepall Blass 53 (8 lall sy 85500 § Alell 056 O 3ot LS
LSl o ypuatll Ala Ll ) diy e die puingey g9 laall il boyadl dle (3llay daall

aiall dpain) lesd e 058G o laadl el3zdl (e 3guaill G W 4T alal Lo HLastl I alluadl @Slee cogznsl wald
© a9 ¢ 4o cudned G Alaall 5l 4 @Sedl g Lol Lagas — Ho,uall « af sgesll (agal oSy 4l
O BTV Gz gy Sad su 1B S ol « JUI (o deas il Lo 13] el (laz gy spasald Tudlome 48y0ns piny
opadl g il Taolin 0585 ¥ B 61 ¥ ot ol

cBsie OsSd 4 ol Ulr byd crger lac slix cLatdY goeull @iy ol sall o1 2 saclalls ellidy
of clale o l13) Slad o lamius 05Ss 0F 9 ¢ s o) @l aall 5yl s, Lnsgad s of 4l 5o
of iy gl (asgaill Hopall bl Jasi of souzdl sda § lide caamy i Lsdall sgu> ol caads ¥
@\Ml})‘éﬁlﬁ‘)ATC}AQS_.!L@Q,@@J,LE,;YMQBU'A_D:JJ‘&gﬁg@\;ﬂ\oy(ﬂ@m%i%
4l cls Ll sal 0sS, ld ¢ il camd G Alaall Slusdl (asgatd 38 a2 dde Ball Aldl Led 058G
B9 550 Loy adl e Tl slges quds of 4 39

914 — Jaill s ju -

37 01234 8 s — slaill QIS — (2179 : A siall) el aral) sale o dllle g il o il - Uasall -
dia b o e b — bl o 3all - (4273 1 Gsiall) s A 2 0 g ) e sl dale 0l - asle gl s Ll
143 5= —2332 pb, Caas — o Jla juade

120 s g -l ad&l) ¢ el 385800 — 3 ¢ (g gaill — Niadly JDAY) o) - 7

Sgup diad) 1 2 1976 il Aagdall — (il ) s i A el ) A 5V (g Al (g sisma b - 0L p k- b e - O
Wall is smith (1882 ). 12 eh .d. 243 . atp . 267 pe cottonl . j 64 /o= —

76 Gl an e — b s — sleSa (e de gana i - 2l PIAY) ¢ ja - %

143



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

W . aaall IS e ol of S LS ¢ Loyl § aule @asll glmy alen slafial 4 Som ¥ Allxdl a3
QLY Gagatll Al § 3l i el liag. JelSIL asgatd] lssiuls

: dlall 2y Bedoml) eats Ldlast Linsgad ol Lolae oy G 3l oyl oIS o) Juaail

Lelpo oo LeasS [olae ¢l of Lalas] Lasgad aule gatll aldl o 137 Las aazmall Ladls cpazy Lo ¢ )
J sl ¢ sam (e adie JSI 2Ll cgylatly Loy adl J) Slailly sdg) sadalls lass el 529 il Loy il
IV b L&) sl gl ¥ ¢ Blasll i 3 sl gl

s Liaai 1085 lasad cndlall of Lo Ladlin] paliiu of oSes O 13] Lo 5a 4ie Gaimall caty Lo
desdy gl PIBY (e Lady o Jezomy gl (aagasl]

8 4 ) Sladl ¢ Qlas] (assadd (resadll Gzl Doy ddly ¢ laadl Gl Loy ddl o 35al) e 3l dsiiagg)
> o0 oS0 9 Lgde Ll waall § okl Al O ¢ lie i of Aalye (ayay daall Baws oleal by
(B3] (92T 058 el Ol ¢ aally DY (e (agad 5udy O ) b i) w8 3l il o ¢ 5,5
Hadog « dule (full e 6F ¢ 4 cluen @) Bl sile e py Lo Dlae azay susll 4l of Sl seeey
Laslye (de AV 3 Labold Lt (BLas™) (asgaall) o « (laadl Sl by ddl) Plaso] Gloasiug ud cndlall o
oo adsn W Lagas Touas aay o aaall § 3ylsdl boyadl onl) ald) o6 13) Lo s of 2l (e cnany 3)
Aleime Bylus

of e Mo pai 48 OIS o) Sy adall § 3lell puazll e LIS Slazl¥l 5o ¥ dild ¢ jal oo (556 Loga oS

Ol 43 394adll 01 (£ g0 Bylall e ady caiosdl 1da Ao pue Sld] sous o8 ¢ lac ol32S dads sl Ll
i oliz ¥ L5Las) Lasad 058,

0

67/ — Gl g o — (30AT s Sl — (s 7 — Gl Sl o - 61

.68&&4@@‘)4‘%}&\‘;&@\‘))_6

144



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

o3l

s 4l de ¢y 08 Lo opbao,ll alaly e L @il e @Dy 8Dlall @f cilolliall @ dianing <l el
RPIDL PR PP BN PO [
Lgild aule Basll angarlly 33 3kl e iy Loe DLW usT il @1 131 Lgie 05Ss 18 ldl Loy il -
Slosiy @l due JI cdiogs gongll I (0
sl Yl
Ggild dule 3azll angarlly 53 3 bl e i Loo DL usl il @1 131 Agie (3580 18 ildl Loyl -1
Ly ay 13 i 131 s Ogaadl (3 056 O Sem ¥ Gilsdl Loyl -2
2l o Lo Tt 196 5 Lo (g0 il3d) Doyl Jpotad a1 a3U) 392y -3
ol dpartd Jidly wedl IS 5oy O o ol dale g1 CBylall (e e Bghie ualy 5ldsl by § Jia¥1 -4
J2¥ gl a5 Uil Amllae 2oy J) himge Los o lall alel 51,890 gl 3udss Lol Al gms -5
Eilo o1z Lals
(5! byadly 3laty Lasd Lesyg Lngung AST 5lid slusal e D! poxlll (9093 -1
a5 pue ol G ol Blelpe oyl Il Jid Gl by adl cluaddl gaedl 4 gl 3yl (qogs LeS -2
3 Ll Cag b 085 ae caslid ] dady § aLL
dbLell guall (e sae oalall adgl Ablall 2 O cadl el 18 (o095 LS -3
2ol Lyl 8y500 (23] 4855l LY guadl sie Juol FB0L3) LAl pony (o055 LS -4

145



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

Cexdl a9 y0las
o0 T iSsr — ol AR Bazyi — pdad Sl 0plall § uaall o8
21987 4 L cig yy — ylall lo «,SLs dasT Badzes — Sl (ol — laill Hlis)
Cig st LSAN 5l — el diag . s — Lol daall Jouo
Lealall STl 5l ¢ g yad) Je (2 o e o 02 Gl ale¥! — daall Jpol
#2005 — suyuzdl Analadl Hls sl cpadl JLS ug 5 — Lol daall due ill A1 Jguol
e Bopall Ladl s gld alime 02— Ll daall Josol
S 513 O — A (08 gy — igdadl sl 5 s — sl Ogslal 3 Al g
o 08 ) 143 yl5 09 - padl LSl Sl - 8,5 9ol g pLe¥! - daall Jgsol
LS Aasd) ducwsll — sl l b — Sulll oglall @ il
ol SN eles] ls — st eualyy) s Jagoglly @zall
S adl LS Sl ¢ gaa¥l i o e ) T —p Y1 Jgual (3 8501
Sg e dul Hlo — B Aads — y0limng (£pddl @S -
Obd — g — adl Sl eles | 5l — g gud! dam) G311 e — sl Gl Gl 75d & Jawgdl
#1987 — 3L — 3,alall alas — (§5 ol Jlez 3gazme — el UM Laladl A laill § ol
2102007 — 2551801 Sl —— @uSaell izl e — w10 1 — Gl oglall 7,4 § 525l
4z — JW Aadall — Aglall SO s — (adye ledbio — Gl Oplall 75 8 Slsdl
-21324 Jo¥l Al yuas — 2ppe¥l Aagall — 5300 dals 1 - Lavanadl
(@179 : Gsall) Gull zema¥! jale oy s oy il Gy e - ol
164 (o 2 1964 e 1« dg2ua oz |- pamall — w1
SSall 51 Ggdl Dgaain — pudzadl ol 20d sl (29,1
22001 — 1b — adgamll qlall ilygdda — aal ¢ 5ol — Ao utygn — Gkl Ogilall 75 § JolSTI
Aol Oty — Ll Bzl Aaaladl 5o — e eealyl Jus " AN 181 a0 Aaladl & Laall
odell lall 1 el el — JSH5U0 23l
) daall pazme dmo/ (ugllad! de. Glizedl oy il
Yl 4aall pazms Aloma yopunll Gaall. il Loyl
@&l e Bzt < 2817 Gaall ¢ gobl 59 all igday (08 ol e Adall- Lol ugalall .
gt ¢ Wiyl Ao « 21413 ¢ 20 Aadatl ¢ Ul ) dicnho
sl ilms . s alegdaall 3L Gl ogilall 27
oo g il polazll ¢ geall dganall — dganall ¢ (angadl — daally S5V 613> 28
05l s — s LS (0 Aegama canlli — waally S el 29
— slaiy - 28latll Oeaddl Hlog I 38 ) sasaliall el o delsed) pam )l e Gl 0 — oadl LS .30
Cag s cpadl LKA 1o — Caasdl e eddl — Lol 4aall § olaall 31

=N

© L N e U x W N

N N N N N N N &2 4o 4 4 a4 a4 a4
a v A W N =2 O U 00 N O Ul b W N =~ O

146



#2023 Gule — (21) 2l ¢ ganl) g bl all Gand) Jail) Adaa

Gig e iSO 5l ¢ Sl lagdl e el 75— daall Jouol § aolszd) pazma .32

oeld Gy d& G eyl e ()39 e 2728 B Foall — il deass oy T B! il (S9lid poama 33
Lo gSnl Aadaay wlaall ULl ARl ool B yols aubs U 4yl suieluny i) gzl ool

2329/ 7 old — g s sobio Sl — a3 Gruall sslaia cul — yall plud 34

Aoyall L@l 5ls —— 22002 Jo¥ dadall — Capnls oldl o — &yleilly dgall 9aall deguuga 35

1L — yadlly debball jalo Hlo — (Ko gaay — 3saally cilixsll Ogild 7,4 .36

gl pualpl o —5pally Uasdl c pasgarll yyuas

147



02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

Ol s gad L.; oSl ‘ALBJ
talas)

4.‘“‘..\.5.2_).44.3..\5-..3
F e .” |~..

e 5 Olagad] @S Cselil) allasll manss ) (Ologend) § oSl allas) olginy gy ol 1da g
Sl LS ¢ parmmatlly ulyll 3omiad (@1 8molall LLaal (e olagudl § @Sl allss jlacl g sall Gslas
313 eyl il Gl 1ia LS 3 caily ¢ o)l gand ] @S sl plaidl jlas | 8a S § ) 2
Olsiny G Juaally (Sl pgiin Olyias Jo¥ hadll sle Jguad B I el oo ol Aals cnudly
Sl 3 Agiwal] LaSxall S 5ol olsiny SN Juaall el LS ¢ mlia¥l Glug olaged! § @Sl Lalas
oSl allas Hlasl ol Bl eal colS s luogilly @bl pal e bl cgisly Glogudl § @Sl allas
Slaostll gal ele LS ¢ ologSally paizll dxlss Gl chlaall (o S do @ aelug ¢lagad] @St cnlil
o3ball Gopedy cmdl (3 Lelisg ¢ bl @Sl allas Hlas ) § dubliaanidly gosddl Glae Gudaty HLasly

ezl

Abstract

This research which entitled the system of governance in the Sudan. Aims at
clarifying the suitable system of ruling the Sudan. The reason for choosing this
topic of research is that the system of governing is considered one of the current
Issues that worth studying and clarifying. The problem of the research is
represented in the way of choosing the suitable system of ruling of the Sudan.
The researcher chooses the historical approach. The nature of the research
compels to be divided into three different chapters. The first chapter is entitled
the "the concept of governance”, the second chapter is entitled "the system of
ruling in the Sudan and explaining the best one™ and the third one is entitled “the
role of inspection of the high court in the continuity of the system of ruling the
Sudan". The conclusion reflects the most important results and the
recommendations. Some of the results are: the method of choosing a suitable
system of governing in the Sudan helps in solving a number of problems which
face the society and the governments. The most important recommendations are:
the choosing and applying of democracy in making the suitable system of ruling
in the Sudan. In conclusion with the research. is attached the references page.
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Application of Hardy Identities and Inequalities on
Cartan-Hadamard Manifolds

Alnazeir Abdalla Adam Abdalla

White Nile University, Facolity of Education, Department of Math, Sudan,
alnazeir@wnu.edu.sd.

Abstract

We study the Hardy identities and inequalities on Cartan-Hadamard manifolds
using the notion of a Bessel pair. These Hardy identities offer significantly more
information on the existence/nonexistence of the extremal functions of the
Hardy inequalities. These Hardy inequalities are in the spirit of Brezis-Vazquez
in the Euclidean spaces. As an application on the way of [43], we establish
several Hardy type inequalities that show improvements as well as simple
understandings to many known Hardy inequalities and Hardy-Poincaré-Sobolev
type inequalities on hyperbolic spaces in the literature, with a little bite of
change.

Keywords and phrases. Hardy inequality; Hardy-Poincaré-Sobolev; Cartan-
Hadamard manifold; Hyperbolic space.
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1. Introduction

We study (see [43]) the improvements of the L*-Hardy type inequalities
on Cartan-Hadamard manifold, i.e. a Riemannian manifold that is complete and
simply connected and has everywhere nonpositive sectional curvature. We also
sharpen Hardy inequalities on hyperbolic spaces.

On the Euclidean space R**<, € = 0, the following Hardy inequality plays
Important roles in many areas:

1+ e\? If |2
f+ ZW}}Fde( > )f+ Iﬂilz dx, f; € Cy(R*). (1.1)
EEI- E EEI- E

2
The constant (?) in (1.1) is optimal. Therefore, we improve (1.1) by adding

extra nonnegative terms to its right hand side. On R3**¢, the operator —A —

1+¢ 1

2
(T) E Is known to be critical and there is no strictly positive functions

V; € V1((0,0)) such that the inequality

146\’ If; |2
J’EE-FEzl f:rl * 2 nate |x|2 x e E j(lxljlfrl X

holds for all f; € C5° (R3**+<) (see [26, Corollary 2.3.4]). The situation is very

different on bounded domains. It has been showed that extra nonnegative terms
can be added to the Hardy inequality on bounded domains. For € be a bounded
domain in R3**¢, e = 0, with 0 €, we investigate the stability of singular
solutions of nonlinear elliptic equations, Brezis and VVazquez verified in [12] that

for all £, € (W)~ (Q):

LZWﬁlzdx_(l—;E)zJ‘ ||£|Ij 3+E|ﬂ| 3+Ef Zml i (12)

where @, . is the volume of the unit ball and z, = 2.4048 ... is the first zero of
the Bessel function J,(z). We also mention that in [42], Vazquez and Zuazua
established the following improved Hardy-Poincaré inequality: for any
0 = e < 2, there exists a constant (1+&)(1+¢,€Q) =0 such that for all

frew) @:

szmzdx— (IEE)EI |If}||§ dx 2 (1+e)1+60) I f; Inseg,

Note that the constant z3 w ”E |!1| z+e in (1.2) is optimal when Q is a ball

and again is not attained in (W) (Q)). Therefore, Brezis and Vazquez also

2
conjectured that zj w ol (11 a+ef ¥ |,aj|2 dx is just the first term of an infinite
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series of extra terms that can be added to the right hand side of (1.2). This
problem investigated by many authors, see for e.g. [1,5, 10,11,18,19,21,23, 24].
We also refer to [3, 26, 30, 31, 36, 40] which are excellent monographs on the
topic. Note that in an attempt to improve, extend and unify several results in this
direction, Ghoussoub and Moradifam [25] introduced the notion of a Bessel pair
and studied its connections to Hardy inequalities. One of their results can be
read as follows:

Theorem A. Let 0 < e < oo,B,,_ = B(0,1+ €) be a ball centered at the origin
with radius (1 +€),V; and W, be positive (1 + e)-functions on (0,1 + €) such

14+ 3
that [, ZTH;}_ —dr=coand [° £r2*<V (r)dr < 0. Then

(1) If (r**<V,r?**W;) is a Bessel pair on (0,1+¢€), then for all
f:r' S (1 + Ej;DEBlhfj :

J; Zﬂilxlﬂﬂ'm?dx:_vj; Zm’mﬂﬂmzdﬂf- (1.3)

1+E 1+€

(2) If (1.3) holds for all f; € (1+ €)§ (By..), then (r2*<V,r2*<cW}) is a
Bessel pair on (0,1 + €) for some € = 0.

Here we say that a couple of (1 + €)*-functions (V;, W;) is a Bessel pair
on (0,1 + €) for some —1 << € = oo if the ordinary differential equation
(Vy') + Wy =0 (14)
has a positive solution ¢ on the interval (0,1 + €).

Muckenhought pairs [37] have been used to study the necessary and
sufficient conditions for the validity of the Hardy inequality on one dimensional
space.

Hardy type inequalities have also been generalized to the cases with
general distance functions, see [4, 10, 32, 33], in multipolar setting, see [9, 14,
15]. Now the following Hardy inequality has been first established on
Riemannian manifold (M, g) by Carron [13]:

i 2 €+ a\? ; 15 1°
| Yplmalaw), = (F5) [ Yerwisam),  as)
where @ € R, (e + @) > 0,f; € (5" (M \ p~1{0}) and the weighted function p

satisfies the eikonal equation |'ﬁ’gplﬂ =1land Ajp = ? for some € = 0. Here
dV,, Vg, A, and |- |, denote the volume element, gradient, Laplace-Beltrami

operator and the length of a vector field with respect to the Riemannian metric g
on M, respectively. For developments see [6, 7, 17, 29].
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When M is a (3 + e)-dimensional Cartan-Hadamard manifold and
p = d(x,0) is the geodesic distance, then p satisfies all the aforementioned
conditions. It was showed in [13] that

[ S, = (55 [ 3 Laq), 16

The constant ({3 ]_2) was verified to be optimal in [43]. When M is the
hyperbolic space H**€, we have

f13+ ZlvHﬂl d(V)H (1+ E) fIE+E ,Jﬂ(i]d(%)}l (1.7)

where p(x) is the geodesic distance on H**<. On the other hand, it is well-

2+¢€

2
known that on H3**¢, the L2-spectrum is [(T) ,m). Then, we have the
Poincaré-Sobolev inequality

2 (2+¢€)
J;IMZWHJ‘H d(I{r’)HE(;) f ZW d(v)H (1.8)

e 2
where (2%) iIs sharp and is never attained by nontrivial functions in

M»}LE(HEHJ. [2] investigated the finiteness and infiniteness of the discrete
spectrum of the Schrddinger operator —Ag + V; and set up the following sharp

improvements of the Poincaré-Sobolev inequality (1.8):

L]3+Ezlv}1fr| d(V)H (2+E) J;13+£Zlﬂ|2d(%)}l

1 If; 17 (2+EJ(EJ £
= — ——d(V.) +——— — __q4(v) . (1.9
_4J;13+£ p?(x) (‘r)H a+e smhz,o(x] (f)H (19)
2
Moreover, the operator —Ag — (2+E) _rr EaE is critical in
4 p?(x) 4 sinh? p(x)

H2*< \ {0} in the sense that for any W} > — 1 +(2+fi‘('f3' e

| Dlvaslacy), - (“E) f Zwmﬂ

J;IH qum d(V) f, € 5 (H3*=\ {0}

is not valid. This Hardy-Poincaré-Sobolev inequality has also been studied on
larger classes of manifolds in [7]. Recently, there has been progress of
establishing higher order Hardy-Sobolev-Maz'ya inequalities on hyperbolic
spaces using Fourier analysis on hyperbolic spaces (see Lu and Yang [34, 35]).
It is also worth mentioning that the problems of improving Hardy type

the inequality
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inequalities as well as other functional and geometric inequalities using the
effect of curvature have been studied intensively recently. See
[8,16,20,27,28,38,39,43].

We study the general Hardy type inequalities on Cartan-Hadamard
manifolds. We will set up some general Hardy identities that can be used to
derive several substantial improvements of the Hardy inequality on Cartan-
Hadamard manifolds. Our equalities not only provide straightforward
understandings of several Hardy type inequalities, but also explain the existence
and nonexistence of nontrivial optimizers (see [43]).

Let (M, g) be a complete Riemannian manifold of dimension (3 + €). In
a local coordinate system {xl}f: we can write

g= Z g ;dxtdx’.

The Laplace-Beltrami operator A, with respect to the metric g may then be
written as

where (g/) = (gi}-)_l. Denote by V, the corresponding gradient. Then

_3f; ag
D Wl Vahs), = ) 67 5L35

We also denote

Vasil, = D, (Vi V),

Fix a point O € M and denote by p(x) = d(x,0) for all x € M, where d

denotes the geodesic distance on M. Then p(x) is Lipschitz continuous in M.
For each point O € M, consider the exponential map exp,: T,M — M.

For X e T, M, let y(t) be the unique geodesic such that y(0)=0 and

y'(0)=X. Then exp,(tX)=y(t) for t = 0. For small t,y is the unique

minimal geodesic joining the points O and exp, (tX).

One can write

M = exp,(U,) U Cut(0),

where Cut(0) denotes the cut locus of the point O and Uy, is an open

neighborhood of O in T,M. Furthermore, expy:U, — expy(Uy) is a

diffeomorphism and (0) = exp, dU,. Also, the cut locus Cut(0) has measure

zero .
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The distance function p(x) is smooth on M\ (Cut(0) U {0}) and it
satisfies |V, p(x) L; =1on M\ (Cut(0)U {0}).

For a Cartan-Hadamard manifold (M, g), the exponential map
expgy: ToM — M is a diffeomorphism and Cut(0) = @, and then p(x) is smooth
in M\ {0} and |'ﬁ'gp(leg =1.

For any (1+€) >0, denote by B,,.(0)={x € M:p(x) <} the
geodesic ball in M with center at O and radius (1 + €). Now, we choose an
orthonormal basis {w,e;,...,es..} in ToM and let c(t) = exp,(tu) be a
geodesic curve. Consider the Jacobi fields {¥,(t),...,¥a, ()} satisfying

¥;(0)=0 and Y/ (0) =e;, so that the volume density function written in
geodesic polar coordinates can be given by

J(u,t) =t~ @+ Jdet((mr),};(r))),r >0

We note that J(u,t) € C=(T,M\ {0}) and does not depend on {e,, ...,e; ..
By the definition of the density function J(u, t), we have the polar coordinates
on M:

J;.{ Z J (xjd(%)g - L2+E J:D Z fi (expo (tw))] (w, )t **dtdu

Here du denotes the canonical measure of the unit sphere of T, M.

For any functions f; on M, we also define the radial derivation @, = ai
el

along the geodesic curve starting from O by

d( f; e 0 _
0,0 =y AP0 s .

Here we denote ;—T the radial derivation on T, M :

d u
B =) (VR )
We note that by Gauss's lemma, we have that |£4d,f| < Z|‘G’£,,a‘:,-|ﬁ_J for
f; € CH(M\ Cut(0)).

We have the following Hardy type identities on the general complete
Riemannian manifold (M, g):
Theorem 1.1 [43]. Let (M, g) be a complete Riemannian manifold of dimension
(3+¢€). Let 0 e M and take 0 < (1+¢€) = d(0,Cut(0)). Let V. and W; be

positive C*-functions on (0,1+ €) such that (72*<V;,72*<WW}) is a Bessel pair
on (0,1+e€). Then we have the following identities for all
f, € Ce(M\ (Cut(0) Up=2{0]):
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Here J'(u, t) = e X = exp,(pu) and ¢ is the positive solution of

D @) + ) W )ew) =0

We consider ¢ which have a zero at some r = 1 + ¢, but are positive elsewhere
and which satisfy the Bessel pair ODE on (0,1+¢€)U (1+ € ). As the
following theorem demonstrates, considering such ¢ allows one to establish
global Hardy identities provided f; is replaced by f; — f; (exp) and provided f;
satisfies (1.10). We note that on finite interval (0,1+ ¢), this function ¢
satisfies the condition in Theorem 1.1. However, on the infinite interval (0, e2),
this ¢ is allowed to be degenerate or singular at (1 + €). We have [43]

Theorem 1.2. Let (M, g) be a complete Riemannian manifold of dimension
(3+€).LetOeMandtake 0 <1+ ¢ = d(0, Cut (0)) Assume that V. and W,
are positive (1 + e)*-functions on (0,1 + €) U (1 + ¢, =) such that the ordinary
differential equation

> e ee @) + ) W@t =0
has a positive solution ¢ on (0,1 + €) U (1 + €, =0).

Then for all f; € C5°(M\ (Cut(0) Up~{0})) satisfying that for all
€ §2*:

im ¥, 1) £ |f expo(ri) — f expo(1+ n) =0, (110)

r—=1+¢€ q_‘)

- LHE@Z"}@W""E@W'
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Here J'(u,t) = ﬂj{u 9 and x = exp, (pu).

By applymg our main results to some explicit Bessel pairs on Cartan-
Hadamard manifold, we obtain many interesting Hardy identities and
inequalities. On the hyperbolic space, we obtain the following identities and
inequalities that substantially improve (1.7) as consequences of our main results
see [43]:

Theorem 1.3. For f; € C5° (H**<):

[ 2l e, - (5 [, Y5,

- J;13+£ZPI+E(3C] | (p i {:xjf'r) d(ﬁ)}l
A+e)2+e) (x)coshp(x) —sinhp(x) _ .
i 3 3 J;-IE+EZJD xX)coshp(x smnplx Ujl d([—;)H

p*(x)sinhp(x)

and
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(1 + Ej (2 + E] p(x)coshp(x) —sinhp(x) .
Ha+e p?(x)sinhp(x) 171 d(I{f)H

Obwously, our theorem gives the exact remainder and therefore provides
the direct understanding for the Hardy inequality (1.7). Also, as a consequence
of the above identities, we get that

| Dlvafam), = [ Y lasrawm),

1+€ AR
_( 2 ) J:FI“E p? j(_:'r:J P
(1 + E)[Z + €) p(x)cosh p(x) — sinh p(x)

12d(V) .
ga+e pz (x)sinhp(x) Ul ( *’)H
2
Therefore, the operator —Ay — (?) Py is subcritical in H**= \, {0}, which is
o lx
In constrast to the situation in the Euclidean setting [26, Corollary 2.3.4].

We also present the exact remainder for the Hardy-Poincaré-Sobolev
inequality (1.9) and thus sharpen the inequality (1.8) and illustrate more precise

understanding of (1.9), see [43]:
Theorem 1.4. For f; € C5° (H**<):

2
... 2 Ivafl ),

2+6e)2 1 1 @Q+e 1 ,
_LHEZ[ a2 4 smh’p) 517d(V)g

2

2+€

p(x) sinh 2 p(x)f;
d(V:
J;.Iahg Z sinh2+¢ p{:x] p%(x] ( ;)H ’

and

... Dle.Alam), -
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and

2
J;Imzlv}lf}l (V)
2
EJ;_IB+£Z|SPI}| d(li)}l

2+e?* 1 1 (2 +€)(e) 1 5
EJ;_IB+EZ[ 4 +-‘-_}p2(xj+ 4 sinh? p(x) 17! d(L})}I'

We also obtain the following Hardy inequalities on hyperbolic spaces in
the spirit of Brezis-Vazquez [12], (see [43]):
Theorem 1.5. Let0 < @ < % For f; € C& (H3**):

z (1+EJ2 5 |f|2
‘L{p{xjilﬁ Zlv}lf}l d(mﬂ_( ;. ) f md(“})ﬂ

2+4e

sinh 2 p(x) f;
p2(x)

(V)

O=plx)<l+e
z2 ,
T 1+e? J;{P':x:]{1+e Z 4 d(L})}I
Ja (lz_ﬁfp(x]) f;
+ v ! d(V.
J;c:p{xjmf Z pre(x) : _{HE] ()] o (1 ) ( })H
_ J’ Z —(1—|—E] z, fa( )
D<p(x)<l+e 2p(x) 1 + Ej ( ('x])
p(x)cosh p(x) — sinh p(x)
p(x)sinh p(x) Il d(I{f)H
and
(1+e)? | If: |2
[ 2ot Pa) (S5 -) [ Tl

Zg

= 124(v,
(1+ E]Q_[,{p{x]ﬂﬁ Z I 17d( J)H
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p(x)sinh p(x) H
As a consequence of these identities, we get that

[ dmarlam),=|  Yleslam),
O=pg(x)=1l+e O=pl(x)=l+e

(1+e)° If;1° Za
> ( . f Z—d(V), + : zf Z I512d(V;),
O=p(x)=l+e 2 {:I) ( + Ej 0<p(x)<1+e

oo f 3 149z, Jé(l‘zfem’_ﬂr:))

0=p(x)<l+e 2p(0) 1 " e ( )
p()coshp(x) — sinhp(x) _
oeosinnpG) ! 40
(A+e? If;1? Za 2
= (T s L{P{x’]{1+e sz[x] d(I{f)H " (1+e€)? L{P{X:]{1+E Z lfrl d(I{f)H.

Here z,, is the first zero of the Bessel function of the first kind J.(z).

We use the main results on the Hardy identities to obtain several Hardy
type inequalities and their improvements on Cartan-Hadamard manifolds. We
will focus on deriving the Hardy identities and inequalities on hyperbolic spaces.
We also provide the proofs of Theorem 1.3, Theorem 1.4 and Theorem 1.5.
Proofs of main results (Theorem 1.1 and Theorem 1.2) will be presented latter.

2. Hardy inequalities on Cartan-Hadamard manifolds
We note that if the sectional curvature Ky = —b, then J(u,t) = J,(t)

does not depend on u. Moreover
1 ith=0

1,(6) = { (sinh (Vb))
Vbt

Also, if Ky =—b =0, then by the Bishop-Gromov-Giinther comparison

theorem [22, page 172], we have that

ifh >0
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where J'(u, t) = M,

0 ift =0
D, (8) = {t[l +OLM)—1 ift>0
and

1
(1+elt,(t) = {t

Vbeoth(v/bt) ifb >0

Therefore, we obtain the following Hardy type inequality as a direct

consequence of Theorem 1.1 (see [43]):
Theorem 2.1. Let (M, g) be a Cartan-Hadamard manifold of dimension (3 + €)
and let O € M. Let 0 <1+ € < oo,V and W, be positive (1 + e)! — functions
on (0,1+¢) such that (r2*<V;,72*<W;) is a Bessel pair on (0,1+ €) with
nonincreasing positive solution ¢. Then for f; € C5°(B4..(0) \ p~*{0}):

L o RN A RIS L > WeeIfPdy)

ifth=0

14e(0)
: f )

v v a(v.
> mejzjmxmm () g(ww E ),
B L@ CON (@)

Jy. o 2 OO G e G 1,
> f i PRGN NI (w‘f{m) gd('«})g
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*50w)
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t @' (P ] (P (1)
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Proof. By the Bishop—Gromov—GUnther comparison theorem [22, page 172], we

a
get ‘;{{“2 = 0, where J'(u,t) = j; . Since ¢ Is a nonincreasing function,
i,

—qp’{’_,o(xjj% = —qp’[p(xjj% = 0. Hence, we can apply Theorem 1.1 to
u.p b
get the desired result.

By applying Theorem 2.1 to particular Bessel pairs, we obtain several
Hardy type inequalities with remainder terms on M. These results are listed as

follows (see [43]).
Corollary 2.1. for;L <(+e)and f; € C7 (M \ p~*{0}):

| +€ 2
[>5 e as) —(i) [, 2 7
( (1+e)l-2

d G ixiﬁ)gd(‘i’f)g

[ Y z;;; () -(w) [ S )
LZ e (x) ICjﬂﬂ') d(v;), -

Proof. We apply Theorem 2.1 to the Bessel pair

—(1+e+d

(T2+ET_J,T2+ET_HML) on (0,%0) with ¢(r)=7r" =  to get the

4 2z
desired results.
In the critical case A = (1 + €), we have
Corollary 2.2. Lete > —1. We have for f; € C5°(B;..(0)\ p~*{0}):

%51, TG
J;czp{x]-::uez lij(x] ( ) __J;{p{x]{HEZ 0 [:Jc] d(L})E

(2.1)

( (1+e)-4

3+E(x] ]‘n1_|_E
2
1 X (x
NP Rt AT
O=pix)<l+e 2 (I) 1+e |].Il IXI | g
1+e€

and
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10,1, ()
L {p@@mez lf;,’m 3 f {p{x]{mz lw)lpr:x) d(v),

p3+e(x) ln1—|—(_—'
2
1 X (x
D N G Py
0<py<ire P 1 +e€ |ln | x| g
1+¢

Proof. We apply Theorem 2.1 to the Bessel pair (T“‘fﬁ,r?*f ﬁ)
r 4r3TE|In—

with @ = |1n1L

+E

Actually, we can get the following version of the critical Hardy type
inequalities on the whole space M which is more general than Corollary 2.2 (see

[43]):
Corollary 2.3. Let (1 +¢€) = 0. Forany f; € C5°(M \ p~*{0}), we have

J;{ Zp1+1(x] |?g (ff (x) — f; (expo (1 + E]u]])E d(l’})g

L[ 3150 = f(eo(a+ )]
:}4—[{2 3+E( ]|]. P‘(x) d(ﬁ)g

1+€
p(x) f— (x) — f; (expo (1 + €)u))
J;[Z 1+f(x)| r+el|"|” } ] (),
|l T+e

and

J;{ ZP“:':(J:) |ﬁp (f:,-(x] — f; (expo (1 + E]u]])lz d(p})g

1 |£,(0) — £ (expo (1 + e)unlz
> = d(V,
J;IZ 3+E( ]|]. p(xj ( j)

J;[Z 1+f(x]| fi’:l

() — fi(expo (1 + €)u)) a(v)
]

p
|x|
|lIl 1+¢

g .
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Proof. Apply the Theorem 1.2 to Vi(r)= 1+E,If1{r- =— |1 | and
4rate 1':Ll'l'l‘:'
@ = '|1nil Note that for any f; € C3°(M\ p~*{0}) and any € $7*< :
. s ( )
lim_ {7 expori) - i (expo (1 + )|
r
_ 1 ( |1“1 +e|) )
= lim ) —— =1 [;(expo (ru)) — f; (expo (1 + )w))|
|ln1 + E|
_ 1
< lim —((1+e)—7)*=0.
r—=1+e In
1+e

Now, by combining Corollaries 2.1 and 2.3, we obtain (see [43])
Corollary 2.4. Let (M, g) be a Cartan-Hadamard manifold of dimension 3 + €.
ForA<(3+e€)—2and f; € CF(M\ p~*{0}), we have

[ e J—@ELJIZﬁQJ

2Ly [ SV S

Proof. From Corollaries 2.1 and 2.3, we have

[ S g, (CH2Z2) [ 5 E )

fr (expa((l + E)u))p
P2 (%) |1 p(x]

182

aw)..

(2.2)


https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg

02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

2

1 {(1+e)-2
= J;{ Zp“‘f(l’] aP (P ? (I]f:r) d(lf;-)g
1 (1+e)-2 (1+6)-2 z
= f Z e |0 P 2 @f-A+e) 2 filexpo((L+ew) || d(V))
y b=t P (X) g
(1+e)-2A l+-5] A 2
1 P2 (Of)—1+e) 2 filexpo((1+ew)
= f}f Z p() |2 "),
I X
" e |m 2L
1 p ()
+J;[ Z oo M1 e
':1+E:] A 1+E:| A :
e | |I| I g
N e
Note that the "virtual" optlgnlzers of the weighted Hardy inequality (2.1)
(1+e£)-4

have the form Y(expy,(u))p~ = (x) for some function y: §2*¢ — R. These
optimizers are virtual in the sense that, if equality were to hold in the Hardy
inequality

10,51 (1+e) Iy
J‘ Z p (JC) d(I{f)H - J’ Z HJ’E(JC)
given by (2.1), then the remainder term would vanish, I.e.,

(14e)-4
20, (p
the weighted Hardy inequality (2.1).
We also obtain the following Hardy inequality in the spirit of Brezis and
Vazquez [12] (see [43)):
Corollary 2.5. Let (M, g) be a Cartan-Hadamard manifold of dimension 3 + €.
Forany 1+ ¢ >0 and A=1+¢€ wehave for f; € C5°(B;..(0)\ p~*{0]):

v, N
LM@Z;&; () —(&) [ i),

—Iﬂlz d(V:
By 4+£(0) pr(x) ( )

(x) f}) = 0. Therefore, (2.2) can be read as a stability version of

=
(1 +—E)
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2

2 (1+e)-4
Jo (1‘?';3 EP(J:)) p(x) 2
+ 1+e)— v f d(V)
L1+£(5] p(x]{ 2:I 4 g JFD (IT Epixj) ! ok

g
and

L1+E{ﬂj Z |PP£"5] (V) (&)2 LHE@ Zpﬂljzl;x] d(v})g

|f:]?
> Tr o LHE@ 21,

()| | [ o522\
+ J;'HE{GZI p(x]{H;]_ﬂ d, 2 (lz_rE E,O(x])ﬂ d(v;) .

_ 342 z .
Proof. For any 1+ ¢ >0, (r“f‘ﬂ,?"“f‘ﬂ [Miz z—"z]) is a Bessel
|1+.g} A * " I':L-Il-ié-}ti:]
pair on (0,1+¢) with o(r) =7 To Ci‘;) - Jonse(T). Here

zg = 2.4048 ... is the first zero of the Bessel function J,(z). Note that @(7) is
nonincreasing since 1 + e — A = 0.
3. Hardy Inequalities on Hyperbolic Spaces

We will investigate the Hardy identities and inequalities on the hyperbolic
space H3**<, which is the most important example of Cartan-Hadamard
manifold. We use the Poincaré ball model of the hyperbolic space H*+<. That is,
the unit ball in R**+= centered at the origin and equipped with the metric

ds® = 42 dx .
(1—72)?
Also
23+E
dV)y =Gy

1—7r2\°
":'"H == 2 'f'",

where V denotes the Euclidean gradient. Therefore

1+E
f Zwﬂm d(V f |vu|2 dx
gate |2j1+e

We also recall that the geodesic dlstance from xto0isp(x) =1In 1+—:x' That is

gp- ::I

|x] = By using the Poincaré ball model and applying our Theorem 1.1

gP ()
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for the unit ball on the Euclidean space R**=, we get the following identity (see
[43)]):

2+e 1 2+e 4
Theorem 3.1. If 3 (T {1_T2j1+£L}’T o szwlflﬂ) Is a Bessel pair on (0,1)

, then we have for f; € C5° (H3*<\ {0})

eP®) — eP(®) _
[ X matan, - [ S e,
2
E,p{x] -1 ep{x:] -1
-2 =
Hate (E’P':x] + 1) el ) +1

fi
a(v;),,
Here @ is the positive solution of

e
(e e ®)+ > e W) = 0

on (0,1).
i 2+e 3+e-1 4
Proof. Since % (?" a7 o ,_,,zjmw;) is a Bessel pair on (0,1)

with solution ¢, we get

f e '*"'Clxl)l‘“’f-lzdx—f Y e W (Dl ax
5(0.1) (1 — |X|2]1+E ] ] B(0.1) (1_ |l’|2]3+€ ] ]

_ L i f )
LMZ“_lez)mﬁ(wnl@ (IxDI |V ( o

dx.
Equivalently,

Jpur 2O A, = [ D wasbisra(y),

2

2 f
:LHEZ'«E—(IW@ (1) [V (@(fxn) (),
Now, let
1 — 2y1+e
e =2

G(r) =f Fi(t)dt

Fr(r)(1—r?)*
.0 =1Gro-nem
Then we have (see [43])

Corollary 3.1. For f; € Cg° (H**<):
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2 14 e\’ [(eP(*) — 24
LMZWHH AV)y - ( 2 ) _LIHEZ(I’}) 2\er® +1 lffl V),
\ 2

plx) _ 1 i
f Z‘ (ZP(XJ + 1)‘ Ve L d(I{f)H'

H3+E E'p':x:] . 1
(—gpr:x:n i 1) /
As a consequence, we obtain the following Hardy type inequality that has
been studied in [41]:

f ZWHJ‘} a(v), = (1+E)f Z( ), (ZEEEH)WE (V) g

Proof. We note that ﬁ is a fundamental solution of the hyperbolic
2+e

Laplacian. We have that ¥, (r“f; prre 502

{1—1’2:]1"'5’ 452{1,:] (1—r2)1te
on (0,1) with ¢ = ¥ /G (1).

r
That is (TE"'E {l_rijiﬂqp’) + ) rete

direct computation shows
1

2+—.f

2J1+E P

) Is a Bessel pair

F} (r) 1
GZI:']":] {1 .].-Z:]i'H’:' (‘D

0. Indeed, a

T

Z G’ (Tj _ T2+E (1 2j1+€z 1
(1_T2]1+62 IG(TJ (1_T2]1+E yi+e 2 IG[:T)

:_Zz G(r)
(’r“‘fﬁ@) =_Z(2 (:'l;(rj)

ZWG ()

G=(1)
Z 'IG[:T (1 2J1+E
GE(T) T2+E
F2(r) 1

2+e

4(;2 () (1 —r2)t+e ¢
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Hence by Theorem 3.1, we obtain

[ Swaifa), = (55 [IONIEON

+J;13+EZIG(|IDI Ve (W) d(V) g

Now, we note that Kyz+e = —1. Therefore J(u, t) = J, (t) does not depend on .
Moreover

() = (S";ht)

and

JwD Ji@) 2+e
OGRAG

Therefore, we can rewrite Theorem 1.1 as follows (see [43]):
Theorem 3.2. Let (r*<V,r?**W,) be a Bessel pair on (0,1+ €). Then we

have the following identities

|, Ynecolvailam,-[ Y wewisray),

vH( oG JJ) 4%

@' (p(x)) p(x) cosh p(x) — sinh p(x)

(tcotht — 1).

:L ngof_xnlqo ()|

1+e

Bye o(p() p(x)sinh p(x)
and
[ Dlwmeoslam),-[ > wewisrdy),
2 i
-] Dveeieem ( L D) i),
o' (p(x])p(xj cosh p(x) — sinh p(x) ,
00 D NE s ety B

By applying Theorem 3.2 to some explicit Bessel pairs, we obtain several
improvements of the Hardy inequalities on hyperbolic spaces.
Proof of Theorem 1.3 [43]. We apply Theorem 3.2 to the Bessel pair

1+E

14eh2 1 . . -
(r“f,r?*f (T) ;) on (0,9). Note that in this case ¢(r) =7 = .
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From Theorem 1.3, we can deduce the Hardy-Poincaré-Sobolev identities
and inequalities that provide improved versions with exact remainder terms of
the Hardy-Poincaré Sobolev inequalities studied in [2,7].

Proof of Theorem 1.4 [43]. Let Y(r) =

Z2+eE

) > and W) =

¥

and

sinh r
Z2+e

CD(T] - W(T)T - (sinrh'r

and

Yir) =

Hence
2+ € €

Q'(r) = T‘P(rjz W)

(r&' @)’
_ FEHedp )

Then noting that

(1 —rcothr)
sinhr

24+e; 1T gl—rcothr
- ) :

2 sinhr sinhr

and
®'(r) 2+e€l—rcothr

o) 2 r
T1+EM‘}(T)

T( T )g (1 —rcothr)
2 4+ € sinhr sinhr

2 2+4+€

T oYz
r (sinh’r)
2 —I—E[(l —rcothr) _|_E[l—ir'ccn:hir'j2 cothr 1
2 T2

+ coth?r — 2 +
2 1 T sinh?r

Note that (r“'—’ﬁfb’(r)) +7r** W, (") @(r) = 0, we have by Theorem 3.2
that

_{HHE pr,—i(x] |vH (19%(1’]}3-)
- [ .Y wew

1 Pz,
+J;Ia+gzpl+f(x1¢@(x)) Vs S || AW

(24 €)? 1 /p(x)coth p(x) — 1\*
’ 2 H2tE Z pre(x) ( p(x) )

2
_d(v),
1+¢

p 2 (0f;

2
d(V)g

2

1+

p 2z (0f

2
d (I’})H '
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Therefore, from Theorem 1.3, we obtain

f ZIvH,aj d(v;), _(HE) J;I p'fg;d(r,;)ﬂ

t[ Y sl (o @) e,

(1—|—E][2—|—E) p(x)cothp(x) =1 _ .
J;13+.; Z o (Ijl lfflz d(I{f)H

2 Pﬁ(ﬂc)f}
[ X e vH(‘I’(p( JJ) )

1 ;1 L d )(2 )
+( +E) J;_IE+E pj(x]d(v) e J;_IB+E

(2+E]2f p(x]cnthp[x] — 1
Ha+e p(x)

_ 2 @
Y oigls) EH(W( 9) ) )

(1 —|—E)2 1 (1+e)(2+¢€)p(x)cothp(x)—1

ZP(X)cothp(XJ —
p*(x)

) 15E+ [ D e cow eI,

2

1
5124,

> PR M ()
eela| 24 e[(l —p(cothp(x)) _ € (1= p(coth p())’
p?(x) 2 p?(x)
(2 + €)? (p(xjcnth p(x) — 1
2 o(x) 24
2 p() — 2 0HPD | }"’3' ()
Feoth”p(x) — o(x) 5111}:1'2 ]

2

A1)y

1 . P%i X)f;
= @ v
Lmzpmw (P(x)) | Ve ( SG0) )
2+e)? 1 1 (2 + €)(€)
N J;_13+E Z [ 2 T 4p2(x)  asink? p(x)
In other words,

2
[IYSEON

5124(%),,
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2+6)2 1 1 (@246 1
_J;_Iah‘:'Z[ 4 +£_1-p2(x]+ 4 sinh? p(x)

) 1, Py,
e 2 @) “H\\m@@)) 1W)s-
Similarly, we also get

512a(V;)

> 2+ 1 1 (@246 1
f Zlapﬂld(u)}l_f Z 4 i T 2 smh’p(o)

2

A1)

f13+gz Lte(x )qﬂ(p( )9

EXe: )fj
‘I’EP( )
Corollary 3.2 [43]. We have

Vaf| ((1+e)—2)? 1512
J;_IB+EZ p? (jcj J)H B 4 J’HHE ﬂ+jz (x) d(V)H

ZLHEZ g |2 (0 S o) ),

((1 +e)—A)2+e) p(x)cosh p(x) — sinh p(x)
2 ——y p**2(x)sinh p(x)

3,51° (1+€)—2)? 1517
J;IHEZ P (xj (L})H_ 4 J;IHE ﬂ+J2 (x]d(V)H

[ Dl (P @) a,

((1 +e)— A2 +e) J’ Z p(x)cosh p(x) — sinh p(x)
2 HI+E
As a consequence of these identities, we get that for 4 < (3 + €) — 2:

J;-Ia"'f Z |PH£5] 4, )H N J;I +e Z l,jpij (L;)H

((1 Y J_';-IE"'E lmz d(V)H

5124V

4 P2 ()
((1 +e)—A)2+e) p(x)cosh p(x) — sinh p(x) ,
2 Ha+e p**2(x)sinh p(x) 5124 (V)
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((1+EJ A* Ifil*
LHZ Hé(_x) (%)x

2
Proof. (T1+E ﬂ,r“f ﬂ@%) is a Bessel pair on (0,%0) with
T
—(1+el+Aa

p(r)=r"=2 .
Corollary 3.3 [43]. We have

f Zﬂﬂﬂ a(v). — -3 f zszde)
D<p(x)<l+e 1+E(5’C] 7H E1+E)2 D<p{x)<l+e 1+E(1’j H

2 (2 p0) p 2
- J;{p{x:]ci1+e Z P:EE(XJ v} jﬂ ( j ) dU{f)H

J’ Zfﬁ (mﬁ(x])p(x]coshp(xj — sinh p(x)
D=pix)<i+e _fﬂ, (li? . ) PE+E{X}5inhP(x)
and

f Zﬂpﬂ (v), -3 f ZIUW a()
D<p(x)<i+e 2+E(5"5j a (1+4¢)? 0<p(x)<ire &=t PTTE(X) /7H

_ 3 (T5ep®) f; 2
B J;::p{x]ciuez PHEE(J:J % Js (%“Lp(x]) d(L})H

J’ Zﬂr (%P(x])p(x]mshp(x] — sinh p(x)
0<p(x)<i+e == [, ( p(x]) p**e(x)sinh p(x)

As a consequence of these identities, we get that

f Zler d(v) }f lefr
D::p{x]::1+e l+E(x] /H O<p(x)=1+e 1+E(x] H

—2+¢€)

0
1+¢€ |ff|2d(1‘;)H

—2+¢6)

0
1+¢ Ifflzd([{r)}]

151
Eu+a mw@ﬂmZEH%m”E%
_@+ )2 f Zﬂ} (:ﬁf EPEX))p(xjcoshp(xj — sinh p(x) £ ()
Z, 2te : j |
1+e¢ O<p(x)<1+e _fﬂ (1 T e ) P (XjSlﬂhp{:X] H
z§ 151°
= (1+¢€)? 0<p(x)<1+e ZPHE@:] d(%)H.
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2

Proof. (T T z‘;]z) is a Bessel pair on (0,14 ¢€) with ¢(r) =, (ir) and

o' () =2y ()

Proof of Theorem 1.5 [43]. We note that
2+e—A 2+e—A {{1+.5:]_;1:]3_ 211 Za .

(T S [(—4 a )rz+ (1+e]2]) on (0,1+¢€) with

A—i 1+£} 1+e—i . .
p(r)y=r = ], (—r) D=a<= A Here z,, is the first zero of the Bessel

function /. (z). Now, we can apply Theorem 3.2 to obtain the desired results.
Corollary 3.4 [43]. We have

1var, - f Y 151’
V) —- sd(V;
L{p{x:]ci1+ez 1+E(x] ( })H 4 O=p(x)=<1l+e P(x] ( })H

3+e
pore(0) |InTorg

1 | p() f;

= In Vo | —L— || d(V,

Lpe;.mzp“fm T+el [ 1 T (s
1—|—E/

1 1 p(x)coshp(x) — sinh p(x)
L TR sy L AP,
0<pi<ire &P 1“m| p?(0)sinhp(x)

10,11 1 f Y 151
V) —- . v
L{p{x]{1+f Z 1+E[:xj ( j)H 4 D=p(x)=1l+e ( j)H

3+E( j|ln1+E

2

and

1 _
s el
D=pix)=<l+e o I[X) 1+e |].Il IXI | H
1+e€
1 1 p(x)cosh p(x) — sinh p(x)
+f Z L+e ) 2(x0)si 512d(V),,
D=<p(x)<i+e P (I) g |].Il ?T| P (IJSIHhP(l—)
€

As a consequence of these identities, we get that

J’ Zler d(v) }J' lefr
O=p(x)<il+e 1+E(xj /H O=p(x)=<l+e 1+E(xj H
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1 2
E"-_l-f |f-}| 2 (I};—)H
O=p({x)=<1l+e 3+E( j|1 p(x]

1 1 (xjcc-shp(x] — sinh p(x)
+ D s 5 12d(V,)
0<p(x)<14e =i P In 2 p* (x)sinhp(x)
1 ;I .
~4 0<p(x)<l+e p3+ p(x) : (j)H.
(o) |In==¢ 1+e
Proof. (T,ﬁ) is a Bessel pair on (0,1+ €) with @(7) = '|111 f| and
4r n . =
¢'(r) = ———
2r WIn

1+e

4. Proofs of Theorem 1.1 and Theorem 1.2
Proof of Theorem 1.1 [43]. Let f; (x) = @(p(x))v(x), then

f PRACENSARINN
B, 4+£(0)
_ f PRACO AT NN

B +(0)

PRACUH RNV ATR(AS

By4£(0)

+J'HI+E{O] Z1.;.(_p(xj)|v2(x)llﬁ'g@(p@f)Jlgd('f§)g

+| { jzvcor:xnfpco(xn(v v2,V,0(0() d(V)

g

zf { ijf_xnl@ (CNV,v[ v,
V(0 v ()1 l@" (e 7 d(V;
J’51+E{GJZ ( )
+ f { ]ZLi;-cotana(p(ana’tp(x))(?gv%%ﬂ(xﬁ)gd(‘«*})g

Now, using the divergence theorem, we get
f Z V()@ ()¢ (p))(Vy v, V,p(x)) d,

By4e(0)
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- { ]Znv?(x)div(t;ﬂo(xnw(wco(xnvgp(xj)
- ) r@YeEee@)e peemdh),

B, 4+£(0)

- {]Zv?(x)l»;fco(ana(ptxn@’(ptxnd(v})g
- D e nee ee pend(),

By 4+¢(0)
- {]szr:xﬂ;-co(xn@co(xw”co(xnd(lf;-)g

Noting that (see [22,4.B.2])
(3+e)—1 f (u, p(x))

A
9P() = p(x) j(_u p(x))’
Hence
LHE{DJ ) Gl fLd(y), - J; o > Ve’ [pr[x])”'i’gvgd(l,;)g
v,
== f qu(p(x))pﬂgx] (p(x))e’ (p(x)] ( ] d('{?)g
By 4+¢(0) —|—[,;-’('p(x]]qp (p(xj) + V(P(x]]@”(.o(l’]]
J'(wp(x))
— 2 V. ,
L L LT NEEeRe G a),
Z@ (p ()2 (W, (p(x))
By +¢(0)
LHE@ZF OV (e())e(p(x))¢’ (p(x DJ(_ p(m d(v;),
= f {]Z%@(xmn?d(@)g
[ JWwpr®)
— 2 V , ”
L L 2T LG e d(),

> WIS Pdy)

B +e(0)
@' (p(x)) ] (u, F'El’]]
- Y i V) .
Jy oy 2 O S Ty 2

Now, denote F.(y) = f;(expo (1)), @(y) = @(expy(¥)) and
W(y) = v(expg(y)). Then using the polar coordinate we get

194


https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg
https://ar.wikipedia.org/wiki/%D9%85%D9%84%D9%81:Lighting-techniques.jpg

02023 (e — (21) 23a) ¢ gandl g b jall Gaand) Juil) Adae ‘

[ > wewisray),

By +¢(0) e

-] D W @ee0e) e, pdpd
-] 2% ®8,00)0@¥ @) pdeds
-] 20,900,000 (wjw pldods

f f HEZP“"’V ©)(3,2(p)) ¥ (pw)] (u, p)dpddu

+

2 . f N 0 (0)8,9(0)0(0) 3, ¥ (o) V(o) u, p)dpi
L] e me2,00000)¥ @0, we)dpdu

Hence, we have

> W eeIf ),

By 4¢(0)
N Lzﬂ:‘ f ZPE+EL§@)|W@H} apm(pj + {I}(p] apq‘[ﬂou}lzf(u,p]dpdu
B L f ZP“E‘? (0)|@(0)6,% (0| J(u,p)dpalu
+Lz+gf ZPHEV@] 0, 2(p)®(p)¥* (pw) 8,] (u, p)dpdu

Llﬂ{ﬂ]zv{p&nlapﬂl () _f . Zl’ff(r‘-’(x)) a, (ﬁ) |

2 J' (u,p(2))
f dlV:
Lm@ 2. (@(ﬂl’_x})) P (e 4,
Proof of Theorem 1.2 [43]. Let f;(x) — f;(expo (1 + €)w)) = ¢(p(x))v(x).
Then proceed as in the proof of Theorem 1.1, we get

9> (p())d(V,
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[ Y w00 |7, (5 - sewoa+ow)[ aw),
B,..(0)
- f @ZL;-(p(xnlvg(wr:xnv(xnI;d(lf;-)g

_ f Zw(xnmzmtxnll%vlﬁd'@+f
By +¢(0) By +¢(0)

+ f {jZL;-corcxnfpr:prcx))(vgv%%Wﬂxl)?ﬁ"%

> V)90 dv)

= ], 2T, + | DG eelse Gl

1+(0)
+ f o > V(0099 P07 Y,p(0) d(V), .
Now,1 Lgsing the divergence theorem, we get
f Y D V,()eeE)E (07,02 Y,0(0)_d(V)),
—— f Z v2div(V (0 ()P ())¢' (P (0))d(V;)
E1+¢(0)

G
—f Z v2V;(p (xJ)qa(PExJ)w’(P(xJ)a—p ()dS,.
8B1 +¢(0) v

By the assumption (C) on f;, we get
d
f > v (NP (P() 5 ()dS, = 0.
8By 4¢(0)

Hence

mej Z V(e p(0)¢' (())(Vyv2, Vgp () d(V;),
B _J;.HE{O] Z“2L?EP(XJJ@EO(ID@’@(IJ)ﬂgp(x]d(L;)g
B Lm@ PREAGONACNIA)
B LHE@ > v(0)¢ (PN (pGNA(Y)

-| { jZvzlf}EP(IJJ@EP(XJJ@”EPEX)JGEU})H
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Again, using
2+e +J” (u,p)
p(x)  J(wp)

Ap(x) =
we get

L o ZV-(PE:&’)J |? (jj — fi(expo (1 + E]u]))r d(l,;_)g
ZV@(X)N@ ceNIA I?| d(lf)

B, 4£(0)

4
(P09 (PN ),
(GO (00)) + T ()" ()
S[ L 2 meEeeee ee i dm),

Ju, p)
-[ Y ee@pmee - Y v He@ee@e (o)
By 4£(0) By 4+£(0)
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